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Abstract
Dynamic mode decomposition (DMD) provides a principled approach to extract physically
interpretable spatial modes from time-resolved flow field data, along with a linear model for
how the amplitudes of these modes evolve in time. Recently, DMD has been extended to work
with more realistic data that is under-resolved either in time or space, or with data collected in
the same spatial domain over multiple independent time windows. In this work, we develop
an extension to DMD to synthesize globally consistent modes from velocity fields collected
independently in multiple partially overlapping spatial domains. We propose a tractable opti-
mization to identify modes that span multiple windows and align their phases to be consistent
in the overlapping regions. First, we demonstrate this approach on data from direct numeri-
cal simulation, where it is possible to split the data into overlapping domains and benchmark
against ground-truth modes. We consider the laminar flow past a cylinder as an example with
distinct frequencies, along with the spatially developing mixing layer, which exhibits a fre-
quency spectrum that evolves continuously as the measurement window moves downstream.
Next, we analyze experimental velocity fields from PIV in six overlapping domains in the wake
of a cross-flow turbine. On the numerical examples, we demonstrate the robustness of this ap-
proach to increasing measurement noise and decreasing size of the overlap regions. In all cases,
it is possible to obtain a phase-aligned, composite reconstruction of the full time-resolved flow
field from the phase-consistent modes over the entire domain.
1 Introduction
Dynamic mode decomposition (DMD) has emerged as a leading algorithm to extract spatiotem-
poral coherent structures from high-dimensional time-series data of a fluid flow [26, 39]. As with
other modal decompositions [46, 48], DMD relies on the fact that high-dimensional representa-
tions of a fluid often evolve on a low-dimensional attractor defined by coherent structures [9, 22].
The existence of these dominant flow patterns enables dimensionality reduction and the subse-
quent tasks of reduced-order modeling and flow control [7, 13, 14, 34, 36]. More fundamentally,
modal decomposition techniques provide insight into the underlying flow physics and nonlinear
interaction mechanisms that drive flows [15, 28, 29, 33, 40, 46, 48].
Many factors have contributed to the widespread adoption of DMD. DMD is a data-driven
and equation-free method that applies equally well to data from experiments or simulations. The
DMD algorithm [39, 52] is typically based on the proper orthogonal decomposition (POD) [9,
22, 50] for dimensionality reduction, which extracts coherent structures hierarchically based on
their ability to capture the most energy or variance in a flow. DMD has the additional constraint
that each spatial mode must have the same linear behavior in time (i.e., oscillations at a given
frequency, along with exponential growth or decay). Thus, DMD provides a reduced modal ex-
pansion, as well as a linear model for the evolution of the amplitudes of these modes in time.
Although DMD results in linear models, it has been rigorously connected to nonlinear dynamical
systems via the Koopman operator [26, 31, 37]. Since its introduction by Schmid [39], DMD has
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(a) Flow Field
Measurement Windows
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(b) Concatenated
DMD Modes
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(c) Phase-consistent
DMD Modes
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Figure 1: Comparison between concatenated modes and the proposed phase-consistent DMD
modes. For (a) data collected in multiple flow-field measurement windows, comparison between
(b) concatenated DMD modes and (c) phase-consistent DMD modes. The examples considered
include numerical simulations of flow over a cylinder and laminar mixing layer flow and PIV of a
flow across a cross-flow turbine. The purple and orange boxes indicate the fields-of-view.
been applied to a variety of systems in fluid mechanics [6, 30, 41–44] and more broadly, in fields as
diverse as epidemiology [35], neuroscience [11], robotics [8], and plasma physics [25, 49]; see [26]
for a more complete list of examples with references.
Recently, a number of powerful extensions have been developed to make DMD applicable to
more realistic data. The original DMD algorithm (introduced in §2) works well for time-resolved
flow field measurements from a single time series with relatively little measurement noise. Al-
though DMD has been shown to be sensitive to measurement noise [4, 5], there are several algo-
rithms to de-bias DMD results based on noisy [3, 19, 21] or corrupt [38] data. In addition, there
are several extensions based on compressed sensing to extend DMD to data that is under-resolved
in either time [51] or space [16, 20]. Tu et al. [52] further showed that it is possible to concatenate
multiple time-series from independent simulations or experiments, with little modification to the
DMD algorithm.
In this work, we develop an extension to the DMD algorithm to synthesize velocity fields from
multiple partially overlapping spatial domains into globally consistent modes. Data from over-
lapping spatial domains is common in particle image velocimetry (PIV) [1], where there is often
a compromise between spatial resolution and the size of the measurement region. Building on
the invariance of DMD to unitary transformations [12, 16], we develop a tractable optimization
to align the phases of modes extracted in overlapping regions. In fact, the present work extends
these previous invariance results, further describing how unitary transformations affect the DMD
mode amplitudes. After developing the theoretical foundations for this phase-aligned DMD algo-
rithm (discussed in §3), we demonstrate it on several data sets from simulations and experiments,
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shown in Fig. 1. We begin by validating this approach against ground truth modes obtained from
direct numerical simulation, where it is possible to split the data into overlapping domains. The
first numerical example is the laminar flow past a cylinder with distinct DMD frequencies (dis-
cussed in §4.1), and the second numerical example considers the spatially developing mixing layer
(discussed in §4.2), with a continuously evolving frequency spectrum. The snapshots in these ex-
amples are collected in two overlapping domains at different times to mimic experimental data
collection. The global modes and reconstructed snapshots synthesized over the entire domain are
compared against ground truth modes. We also systematically test the robustness of this method
to measurement noise and the amount of overlap between domains. Finally, we demonstrate the
utility of the proposed method on experimental velocity fields from PIV in six overlapping do-
mains in the wake of a cross-flow turbine in §4.3. Concluding remarks are offered in §5.
2 Dynamic mode decomposition (DMD)
The DMD algorithm decomposes high-dimensional fluid flow data into a set of spatial modes that
evolve linearly in time [26]. In particular, consider a time-series of spatial flow field snapshots
xk , x(tk) ∈ Rn (e.g., velocity, pressure, etc. at n spatial locations arranged in a column vector)
sampled at times tk = k∆t for k = 0, 1, 2, ...,m; typically n  m. The DMD algorithm computes
the leading eigendecomposition of a best-fit linear operatorA so that
xk+1 ≈ Axk. (1)
The eigenvectors φ ofA are modes, having the shape of a spatial flow field, φ ∈ Rn, and their time
dynamics are determined by the corresponding eigenvalues.
The first step of the DMD algorithm is to arrange the time series data into matrices as
X =
 | | | |x0 x1 · · · xm−1
| | | |
, X ′ =
 | | | |x1 x2 · · · xm
| | | |
 (2)
The best-fit linear operatorA relates the two data matrices as
X ′ ≈ AX, (3)
and may be solved for via least-squares regression:
A = argmin
A
‖X ′ −AX‖F= X ′X† (4)
where ‖·‖F is the Frobenius norm and X† is the pseudo-inverse, which is computed via singular
value decomposition ofX :
X = UΣV T =⇒ X† = V Σ−1UT . (5)
The columns of U are POD modes arranged hierarchically by how much of the variance of the
matrix X they contain, quantified by the singular values σj from the non-negative, diagonal ma-
trixΣ. The matricesU and V are unitary, so thatUTU = I and V TV = I , where I is the identity
matrix. Thus, the matrixAmay be solved for as
A = X ′V Σ−1UT . (6)
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For high-dimensional systems, the matrixAmay be exceeding large, so that it is unreasonable
to directly represent, let alone compute, its eigenvalues and eigenvectors. Instead, a rank r ap-
proximation ofX is used,X ≈ U rΣrV Tr , whereU r and V r correspond to the first r columns and
Σr corresponds to the first r× r block. The matrixA is then projected onto the leading r ≤ m n
POD modes:
Ar = U
T
rAU r = U
T
rX
′V rΣ−1r . (7)
It is computationally tractable to compute the eigendecomposition
ArW = WΛ (8)
of the r× r matrixAr, and the eigenvalues ofAr are also eigenvalues ofA. The eigenvectorsΦ of
the full matrixAmay then be computed from the reduced eigenvectorsW via
Φ = X ′V Σ−1W . (9)
This formulation is known as exact DMD [52], and the original DMD paper [39] computed projected
DMD modes as Φ = UW . To be consistent in our results, we have used exact DMD for all the
analysis in this paper.
The diagonal matrix Λ contains DMD eigenvalues, which determine the linear behavior of
the corresponding modes, given by the columns of Φ. Given DMD modes and eigenvalues, it is
possible to represent the data as:
xk ≈
r∑
j=1
φjλ
k
j bj = ΦΛ
kb. (10)
The vector b contains the complex-valued mode amplitudes, which are computed from
b = Φ†x0, (11)
where † denotes the pseudo-inverse. The sparsity-promoting DMD [23] provides an alternative,
computing b with as many zero entries as possible, extracting dominant modes. There is also a
noise-robust DMD alternative, called optimized DMD [3].
Equivalently, it is possible to represent the DMD in continuous time. The discrete-time eigen-
values λ may be converted to continuous time via ω = log(λ)/∆t; the real part of the eigenvalue is
the growth/decay rate and the imaginary part determines the oscillation frequency ω. The DMD
reconstruction then becomes
x(t) ≈ Φ exp(Ω t)b. (12)
For oscillatory flows in the absence of measurement noise, DMD modes and eigenvalues come
in complex conjugate pairs that are on the imaginary axis in continuous-time and on the unit cir-
cle in discrete-time. Gaussian measurement noise appears as artificial damping in these eigenval-
ues [5]. The DMD modes Φ will likewise come in complex conjugate pairs, and will thus have
a magnitude and a phase. In fact, any arbitrary phase shift Ψ may be factored out of the DMD
modes and incorporated into the exponential time dynamics, or the mode amplitudes, in Eq. (12):
Φ˜ = Φ exp(iΨ) =⇒ x(t) = Φ˜ exp(Ωt− iΨ)b = Φ˜ exp(Ωt)b˜, (13)
where b˜ = exp(−iΨ)b. Thus, the phase shift can be transferred from the modes Φ to the ampli-
tudes b, and vice versa. Identifying the phase shift Ψ to make DMD consistent in the overlap
regions from multiple independent experiments will be the subject of the next section.
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3 Phase-consistent DMD
In experiments, it is often difficult to obtain time-resolved measurements with high spatial reso-
lution over a large domain of interest. Instead, it is common to collect data from multiple overlap-
ping spatial domains D(j) from j = 1, 2, · · · , p, for example using PIV. While each of these datasets
may be time-resolved, they are collected at different initial times starting from different initial
flow conditions. If the flow is stationary and has dominant periodic or quasi-periodic behavior,
then it is possible to align the phases of the DMD modes in each of the overlapping windows to
approximate the global DMD modes, and subsequently the phase-consistent flow field, over the
entire domain D∪ , ⋃pj=1D(j). However, for spatially developing flows, non-stationary flows,
aperiodic flows, and more generally for turbulent flows, this approach may break down, as we
will explore in the examples.
If dataX∪ is available on the entire domainD∪, then it is possible to compute the global DMD
modes Φ∪ directly. Instead, we have snapshot data {X(j),X ′(j)}pj=1 collected in domains D(j):
X(j) =
 | | | |x(j)mj x(j)mj+1 · · · x(j)mj+m−1
| | | |
, X ′(j) =
 | | | |x(j)mj+1 x(j)mj+2 · · · x(j)mj+m
| | | |
. (14)
Here, all datasets start at different initial times tmj corresponding to different initial conditions.
For simplicity, all datasets also contain m snapshots, although this may be relaxed. Given two
spatial domains D(j) and D(l), we denote the overlap region as D(j,l) , D(j) ∩ D(l). The snapshot
fromX(j) at time tk restricted to the overlap region D(j,l) will be denoted by x(j)|(j,l)k .
Our overall objective is to develop an algorithm that synthesizes data from multiple overlap-
ping domains into globally consistent DMD modes. However, if we naively compute DMD on
data from each domain D(j) in isolation, then the phases of the modes will not agree in the over-
lap region, i.e., Φ(j)|(j,l) and Φ(l)|(j,l) are not the same for two domains D(j) and D(l). Thus, it is
necessary to adjust the phases of the modes to be consistent in the overlap region. We denote the
phase-consistent modes in domain D(j) as
Φ˜
(j)
= Φ(j) exp
(
iΨ(j)
)
, (15)
whereΨ(j) is a diagonal matrix containing the phase shifts for all modes.
The overall analysis structure (see Fig. 2 for a particular flow example) is summarized as{
X(j),X
′(j)
}p
j=1
1. DMD−−−−−−−→
analysis
{
Φ(j)
}p
j=1
2. Phase−−−−−−−−−−→
consistency
{
Φ˜
(j)
}p
j=1
3. Global−−−−−−−−→
synthesis
Φ˜
∪
. (16)
There are choices for each of the three main steps in this procedure:
1. Perform DMD on data
{
X(j),X
′(j)
}p
j=1
from multiple domains to obtain modes
{
Φ(j)
}p
j=1
.
This will be discussed in §3.1. Although the most natural approach is to compute DMD
separately on each domain, we will show that computing DMD on a concatenated data set
makes it easier to identify modes of the same frequency across domains.
2. Perform phase-consistency analysis to obtain phase-consistent modes
{
Φ˜
(j)
}p
j=1
using the
modes obtained from step 1. This will be discussed in §3.2. In particular, we will introduce
a simple and illustrative approach for time-periodic flows over two overlapping domains,
followed by a general optimization procedure for multiple overlapping domains.
3. Global mode synthesis Φ˜
∪
from phase-consistent modes in each overlapping domain. This
will be discussed in §3.3.
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!2
<latexit sha1_base64="ZP7X8rpN4tXU1L1ztwh3z6tkQiY=">AAAB73icdVDLSgNBEJyNrxhfUY9eBoPgadndZG O8Bb14jGBMIFnC7GQ2GTKPdWZWCCE/4cWDIl79HW/+jZOHoKIFDUVVN91dccqoNp734eRWVtfWN/Kbha3tnd294v7BrZaZwqSJJZOqHSNNGBWkaahhpJ0qgnjMSCseXc781j1RmkpxY8YpiTgaCJpQjIyV2l3JyQD1gl6x5LnlsBpUfOi5Y c2vnpct8YOw6ofQd705SmCJRq/43u1LnHEiDGZI647vpSaaIGUoZmRa6GaapAiP0IB0LBWIEx1N5vdO4YlV+jCRypYwcK5+n5ggrvWYx7aTIzPUv72Z+JfXyUxSiyZUpJkhAi8WJRmDRsLZ87BPFcGGjS1BWFF7K8RDpBA2NqKCDeHrU/g/ uQ1cv+wG15VS/WIZRx4cgWNwCnxwBurgCjRAE2DAwAN4As/OnfPovDivi9acs5w5BD/gvH0CJhiQDQ==</latexit>
Multi-domain
DMD analysis
<latexit sha1_base64="YKHozy2vAkSmJOZf6cgwj+BHZO o=">AAACIXicbVBNSwMxFMz6WdevqkcvwSJ4sezWgz0W7cFLoYJVoVvK2+xrDWazS5IVytK/4sW/4sWDIr2Jf8a0VtDWgc AwM4+XN2EquDae9+EsLC4tr6wW1tz1jc2t7eLO7rVOMsWwxRKRqNsQNAousWW4EXibKoQ4FHgT3p+P/ZsHVJon8soMUuzE0 Je8xxkYK3WL1SDEPpc5Q2lQDd1GJgw/jpIYuKRB4NYbdQoSxEBz7QYoo59kt1jyyt4EdJ74U1IiUzS7xVEQJSyL7TgToHXb 91LTyUEZzgQO3SDTmAK7hz62LZUQo+7kkwuH9NAqEe0lyj5p6ET9PZFDrPUgDm0yBnOnZ72x+J/Xzkyv2sm5TDODkn0v6m WCmoSO66IRV8iMGFgCTHH7V8ruQAGzHWjXluDPnjxPritl/6RcuayUamfTOgpknxyQI+KTU1IjF6RJWoSRR/JMXsmb8+S8O O/O6Du64Exn9sgfOJ9fkXKjwg==</latexit>
(b) DMD Modes DMD Spectrum
<latexit sha1_base64="VLq koU5lY99VppAKhnDikbzOZ5Y=">AAACDnicbVC7TsMwFHXKq5 RXgJHFoqpUliopA4wVdGCpVAR9SG1UOY7TWrWTyHaQqqj8AAu /wsIAQqzMbPwNTpuhtBzJ0tE59+r6HDdiVCrL+jFya+sbm1v 57cLO7t7+gXl41JZhLDBp4ZCFousiSRgNSEtRxUg3EgRxl5GO O75O/c4DEZKGwb2aRMThaBhQn2KktDQwS2X3DNYbddgIPSIfF 5CKdxHBSsR8YBatijUDXCV2RoogQ3Ngfve9EMecBAozJGXPti LlJEgoihmZFvqxJBHCYzQkPU0DxIl0klmcKSxpxYN+KPQLFJy pixsJ4lJOuKsnOVIjueyl4n9eL1b+pZPQIIoVCfD8kB8zqEK YdgM9KnReNtEEYUH1XyEeIYGw0g0WdAn2cuRV0q5W7PNK9bZa rF1ldeTBCTgFZWCDC1ADN6AJWgCDJ/AC3sC78Wy8Gh/G53w0Z 2Q7x+APjK9f6nWcDw==</latexit>
fields-of-view Overlapping regions
<latexit sha1_base64="NSdALArHJWhwXa82yOQw1LgIzeM=">AAACAnicbVDLSgMxFM3UV62vUVfi JlgEV2WmLnRZdOPOCvYB7VAy6Z02NJMJSUYoQ3Hjr7hxoYhbv8Kdf2PazkJbDwQO55zLzT2h5Ewbz/t2Ciura+sbxc3S1vbO7p67f9DUSaooNGjCE9UOiQbOBDQMMxzaUgGJQw6tcHQ99VsPoDRLxL0ZSwhiMhA sYpQYK/Xco6zLDL61EU6kZGKAFQysoyc9t+xVvBnwMvFzUkY56j33q9tPaBqDMJQTrTu+J02QEWUY5TApdVMNktARGUDHUkFi0EE2O2GCT63Sx1Gi7BMGz9TfExmJtR7HoU3GxAz1ojcV//M6qYkug4wJmRoQdL 4oSjk2CZ72gftMATV8bAmhitm/YjokilBjWyvZEvzFk5dJs1rxzyvVu2q5dpXXUUTH6ASdIR9doBq6QXXUQBQ9omf0it6cJ+fFeXc+5tGCk88coj9wPn8ApWaXlg==</latexit>
(d) Phase-consistent DMD Modes
<latexit sha1_base64="Yu5qdqwo7K5sTccod9xErtgU5vA=">AAACB3icbVC7SgNBFL0bXzG+Vi0FGQxCLAy7sdAyaAqbQA TzgGQJs7OTZMjszjIzK4SQzsZfsbFQxNZfsPNvnCRbaOKFC4dzn+f4MWdKO863lVlZXVvfyG7mtrZ3dvfs/YOGEokktE4EF7LlY0U5i2hdM81pK5YUhz6nTX94M603H6hUTET3ehRTL8T9iPUYwdpQXfu4EJyh2sBsOCciUuYgjTSqVCuoKgKqunbeKTqzQMvAT UEe0qh17a9OIEgSmi2EY6XarhNrb4ylZoTTSa6TKBpjMsR92jYwwiFV3nimY4JODROgnpAmzRcz9vfEGIdKjULfdIZYD9RibUr+V2snunfljVkUJ0YemR/qJRxpgaamoIBJSjQfGYCJZOZXRAZYYqKNdTljgrsoeRk0SkX3oli6K+XL16kdWTiCEyiAC5dQhluoQ R0IPMIzvMKb9WS9WO/Wx7w1Y6Uzh/AnrM8fBSqYIw==</latexit>
Global modal
synthesis
<latexit sha1_base64="j5oYM0dynZYpk+muK0/KIqLBoZc=">AAACHnicbVDLSgMxFM34rONr1KWbYBFclZmK6LLoQpcV7 AM6pWQyt21oJhmSjFCGfokbf8WNC0UEV/o3pg9BWy8kHM6D5J4o5Uwb3/9ylpZXVtfWCxvu5tb2zq63t1/XMlMUalRyqZoR0cCZgJphhkMzVUCSiEMjGlyN9cY9KM2kuDPDFNoJ6QnWZZQYS3W8szCCHhM5BWFAjdxrLiPCcSJje4ehq4fC9EEz7YYg4h9bxy v6JX8yeBEEM1BEs6l2vI8wljRLbJxyonUr8FPTzokyjHIYuWGmISV0QHrQslCQBHQ7n6w3wseWiXFXKnuEwRP2dyInidbDJLLOhJi+ntfG5H9aKzPdi3bORJoZEHT6UDfj2Eg87grHTAE1fGgBoYrZv2LaJ4pQ24F2bQnB/MqLoF4uBael8m25WLmc1VFAh+ gInaAAnaMKukFVVEMUPaAn9IJenUfn2Xlz3qfWJWeWOUB/xvn8BvnKowM=</latexit>
Phase
correction
vorticity
0 +
!1
<latexit sha1_base64="sKNDbfRHcNRJUR28/aZfVCeRXR0=">AAAB73icdVDLSsNAFJ3UV62vqks3g0VwFZJYat 0V3bisYB/QhjKZTtqh84gzE6GU/oQbF4q49Xfc+TdO2ggqeuDC4Zx7ufeeKGFUG8/7cAorq2vrG8XN0tb2zu5eef+grWWqMGlhyaTqRkgTRgVpGWoY6SaKIB4x0okmV5nfuSdKUyluzTQhIUcjQWOKkbFSty85GaGBPyhXPPei5tdrdei53 gIZCWqBV4V+rlRAjuag/N4fSpxyIgxmSOue7yUmnCFlKGZkXuqnmiQIT9CI9CwViBMdzhb3zuGJVYYwlsqWMHChfp+YIa71lEe2kyMz1r+9TPzL66UmroczKpLUEIGXi+KUQSNh9jwcUkWwYVNLEFbU3grxGCmEjY2oZEP4+hT+T9qB65+5 wU210rjM4yiCI3AMToEPzkEDXIMmaAEMGHgAT+DZuXMenRfnddlacPKZQ/ADztsnBviP9w==</latexit>
!2
<latexit sha1_base64="ZP7X8rpN4tXU1L1ztwh3z6tkQiY=">AAAB73icdVDLSgNBEJyNrxhfUY9eBoPgadndZG O8Bb14jGBMIFnC7GQ2GTKPdWZWCCE/4cWDIl79HW/+jZOHoKIFDUVVN91dccqoNp734eRWVtfWN/Kbha3tnd294v7BrZaZwqSJJZOqHSNNGBWkaahhpJ0qgnjMSCseXc781j1RmkpxY8YpiTgaCJpQjIyV2l3JyQD1gl6x5LnlsBpUfOi5Y c2vnpct8YOw6ofQd705SmCJRq/43u1LnHEiDGZI647vpSaaIGUoZmRa6GaapAiP0IB0LBWIEx1N5vdO4YlV+jCRypYwcK5+n5ggrvWYx7aTIzPUv72Z+JfXyUxSiyZUpJkhAi8WJRmDRsLZ87BPFcGGjS1BWFF7K8RDpBA2NqKCDeHrU/g/ uQ1cv+wG15VS/WIZRx4cgWNwCnxwBurgCjRAE2DAwAN4As/OnfPovDivi9acs5w5BD/gvH0CJhiQDQ==</latexit>
Phase
correction
(c) Phase-alignment Analysis
<latexit sha1_base64="KyH0IoyCTRdQvCoyspvSEf+seZU=">AAACBXicbVC7TsMwFHXKq5RXgBEGiwqpDFRJGWAssDAWiT 6kNqpuXKe16jiR7SBFVRcWfoWFAYRY+Qc2/ganzQCFI1k6Oufe63uPH3OmtON8WYWl5ZXVteJ6aWNza3vH3t1rqSiRhDZJxCPZ8UFRzgRtaqY57cSSQuhz2vbH15nfvqdSsUjc6TSmXghDwQJGQBupbx9WyAlujMyEU+BsKEIqNL4UwFPFVN8uO1VnBvyXuDkpo xyNvv3ZG0QkyYYQDkp1XSfW3gSkZoTTaamXKBoDGcOQdg0VEFLlTWZXTPGxUQY4iKR5ZomZ+rNjAqFSaeibyhD0SC16mfif1010cOFNmIgTTQWZfxQkHOsIZ5HgAZOUaJ4aAkQysysmI5BAtAmuZEJwF0/+S1q1qntWrd3WyvWrPI4iOkBHqIJcdI7q6AY1UBMR9 ICe0At6tR6tZ+vNep+XFqy8Zx/9gvXxDVcnl9o=</latexit>
(a) Flow Field Measurement Windows
<latexit sha1_base64="zG1XFrRYwNcd8Qhk05q9P09YTJ4 =">AAACC3icbVC7SgNBFJ2NrxhfUUubIUGITdiNhZZBIdgIEcwDkiXMzt4kQ2Z3lplZQ1jS2/grNhaK2PoDdv6Nk2QLTTwwcDj n3jv3Hi/iTGnb/rYya+sbm1vZ7dzO7t7+Qf7wqKlELCk0qOBCtj2igLMQGpppDu1IAgk8Di1vdD3zWw8gFRPhvZ5E4AZkELI+o 0QbqZcvlMgZrnExxjUG3Me3QFQsIYBQ4xYLfTFWvXzRLttz4FXipKSIUtR7+a+uL2g8m0E5Uarj2JF2EyI1oxymuW6sICJ0RAb QMTQkASg3md8yxadG8XFfSPPMDnP1d0dCAqUmgWcqA6KHatmbif95nVj3L92EhVGsIaSLj/oxx1rgWTDYZxKo5hNDCJXM7Irp kEhCtYkvZ0Jwlk9eJc1K2TkvV+4qxepVGkcWnaACKiEHXaAqukF11EAUPaJn9IrerCfrxXq3PhalGSvtOUZ/YH3+AIh5miA=</ latexit>
X = [X(j);X(l)]
<latexit sha1_base64="P8vkG0mVgCUHBMCL0NVRY95V1Tk="> AAACJXicbVDLSsNAFJ3UV62vqEs3g0VoNyWpgoIKRTcuK9gHpLFMJpN27OTBzEQoIT/jxl9x48Iigit/xUmbhW09MMzhnHu59x4nYlR Iw/jWCiura+sbxc3S1vbO7p6+f9AWYcwxaeGQhbzrIEEYDUhLUslIN+IE+Q4jHWd0m/mdZ8IFDYMHOY6I7aNBQD2KkVRSX7/qOSFzxd hXX9JN4TW05pXHpPJUTS+XRFZN7b5eNmrGFHCZmDkpgxzNvj7puSGOfRJIzJAQlmlE0k4QlxQzkpZ6sSARwiM0IJaiAfKJsJPplSk8U YoLvZCrF0g4Vf92JMgX2Yaq0kdyKBa9TPzPs2LpXdgJDaJYkgDPBnkxgzKEWWTQpZxgycaKIMyp2hXiIeIISxVsSYVgLp68TNr1mnla q9+flRs3eRxFcASOQQWY4Bw0wB1oghbA4AW8gQ8w0V61d+1T+5qVFrS85xDMQfv5BShTpkQ=</latexit>
[⇤, ] = DMD(X)
<latexit sha1_base64="HvPh/c3IrJlCN4Hw72gXm1ZyRRA=" >AAACLnicbVDLSsNAFJ34tr6qLt0MFkFBSlIF3QjiA1woVLAPSEKZTCbt0MmDmRuxhHyRG39FF4KKuPUznNYstHphmMM593DvPV4 iuALTfDEmJqemZ2bn5ksLi0vLK+XVtaaKU0lZg8Yilm2PKCZ4xBrAQbB2IhkJPcFaXv90qLdumVQ8jm5gkDA3JN2IB5wS0FSnfG4 7Xix8NQj1lzmX2umTfPcXWe/x3MVH2AF2B9nZ1Vm+/VNv5zudcsWsmqPCf4FVgAoqqt4pPzl+TNOQRUAFUcq2zATcjEjgVLC85KSK JYT2SZfZGkYkZMrNRufmeEszPg5iqV8EeMT+dGQkVMPddGdIoKfGtSH5n2anEBy6GY+SFFhEvwcFqcAQ42F22OeSURADDQiVXO+K aY9IQkEnXNIhWOMn/wXNWtXaq9au9yvHJ0Ucc2gDbaJtZKEDdIwuUB01EEX36BG9ojfjwXg23o2P79YJo/Cso19lfH4Bn3WqFA== </latexit>
(b) DMD Modes DMD Spectrum
<latexit sha1_base64="VLqkoU5lY99VppAKhnDikbzOZ5Y =">AAACDnicbVC7TsMwFHXKq5RXgJHFoqpUliopA4wVdGCpVAR9SG1UOY7TWrWTyHaQqqj8AAu/wsIAQqzMbPwNTpuhtBzJ0tE 59+r6HDdiVCrL+jFya+sbm1v57cLO7t7+gXl41JZhLDBp4ZCFousiSRgNSEtRxUg3EgRxl5GOO75O/c4DEZKGwb2aRMThaBhQn 2KktDQwS2X3DNYbddgIPSIfF5CKdxHBSsR8YBatijUDXCV2RoogQ3Ngfve9EMecBAozJGXPtiLlJEgoihmZFvqxJBHCYzQkPU 0DxIl0klmcKSxpxYN+KPQLFJypixsJ4lJOuKsnOVIjueyl4n9eL1b+pZPQIIoVCfD8kB8zqEKYdgM9KnReNtEEYUH1XyEeIYGw 0g0WdAn2cuRV0q5W7PNK9bZarF1ldeTBCTgFZWCDC1ADN6AJWgCDJ/AC3sC78Wy8Gh/G53w0Z2Q7x+APjK9f6nWcDw==</lat exit>
t t
 ˜
(j)|(j,l)
<latexit sha1_base64="X7+Ji3l9kTdBvBskvMyKjLq1Ixw=">AAACDnicdVDLSgMxFM3UV62vUZdugqXQggwzfWC7K7pxWcE+oFNLJpO2aTMP koxQxvkCN/6KGxeKuHXtzr8xfQgqeiDkcM693HuPEzIqpGl+aKmV1bX1jfRmZmt7Z3dP3z9oiSDimDRxwALecZAgjPqkKalkpBNygjyHkbYzOZ/57RvCBQ38KzkNSc9DQ58OKEZSSX09Z0vKXBLbTsBcMfXUF9uNEU2S6zg/LtzmxyeskPT1rGmUzWqxVIOmYVklq1hVpFapmZUKtAxzjixYotHX32 03wJFHfIkZEqJrmaHsxYhLihlJMnYkSIjwBA1JV1EfeUT04vk5CcwpxYWDgKvnSzhXv3fEyBOzVVWlh+RI/PZm4l9eN5KDai+mfhhJ4uPFoEHEoAzgLBvoUk6wZFNFEOZU7QrxCHGEpUowo0L4uhT+T1pFwyoZxctytn62jCMNjsAxyAMLnII6uAAN0AQY3IEH8ASetXvtUXvRXhelKW3Zcwh+QHv7 BAuknLo=</latexit>  ˜
(l)|(j,l)
<latexit sha1_base64="Vtz9WxNU1Ob8KObBqBTf8ps78SQ=">AAACD3icdVDLSgMxFM34rPVVdekmWJQWZJjp1D52RTcuK9gHdGrJZN I2NvMgyQhlnD9w46+4caGIW7fu/BvTh6CiB0IO59zLvfc4IaNCGsaHtrC4tLyymlpLr29sbm1ndnabIog4Jg0csIC3HSQIoz5pSCoZaYecIM9hpOWMziZ+64ZwQQP/Uo5D0vXQwKd9ipFUUi9zZEvKXBLbTsBcMfbUF9v1IU2SqzjH8re562OWT2AvkzX0askqlcvQ0C3TrBYtRczi SaVahaZuTJEFc9R7mXfbDXDkEV9ihoTomEYouzHikmJGkrQdCRIiPEID0lHURx4R3Xh6TwIPleLCfsDV8yWcqt87YuSJya6q0kNyKH57E/EvrxPJfqUbUz+MJPHxbFA/YlAGcBIOdCknWLKxIghzqnaFeIg4wlJFmFYhfF0K/yfNgm5aeuGimK2dzuNIgX1wAHLABGVQA+egDhoAgz vwAJ7As3avPWov2uusdEGb9+yBH9DePgGQCJz6</latexit>
!k
 [1<latexit sha1_base64="bVMBG7FUGVHmFx0Sydw8zbZMGrM=">AAACAXicdVDLSsNAFJ3UV62vqBvBzWARXIWkL abuim5cVrAPaGKYTCbt0MmDmYlQQt34K25cKOLWv3Dn3zhpK6jogWEO59zLvff4KaNCmuaHVlpaXlldK69XNja3tnf03b2uSDKOSQcnLOF9HwnCaEw6kkpG+iknKPIZ6fnji8Lv3RIuaBJfy0lK3AgNYxpSjKSSPP3A8RMWiEmkvtxJR3T qWTcOzlJPr5rGWfPUsk1oGuYMBalbdsOG1kKpggXanv7uBAnOIhJLzJAQA8tMpZsjLilmZFpxMkFShMdoSAaKxigiws1nF0zhsVICGCZcvVjCmfq9I0eRKJZUlRGSI/HbK8S/vEEmw6ab0zjNJInxfFCYMSgTWMQBA8oJlmyiCMKcql0hH iGOsFShVVQIX5fC/0m3Zlh1o3bVqLbOF3GUwSE4AifAAjZogUvQBh2AwR14AE/gWbvXHrUX7XVeWtIWPfvgB7S3T3pDl44=</latexit>
 [2<latexit sha1_base64="AbmIsAPCPSpIThpr/bqT9h0TMvs=">AAACAXicdVDLSsNAFJ34rPUVdSO4GSyCq5CkD 7MsunFZwT6giWEymbZDJw9mJkIJdeOvuHGhiFv/wp1/46StoKIHhjmccy/33hOkjAppmh/a0vLK6tp6aaO8ubW9s6vv7XdEknFM2jhhCe8FSBBGY9KWVDLSSzlBUcBINxhfFH73lnBBk/haTlLiRWgY0wHFSCrJ1w/dIGGhmETqy910RKe +fePiLPX1imlU642aZULTqDsNy3IUsWynXq1ByzBnqIAFWr7+7oYJziISS8yQEH3LTKWXIy4pZmRadjNBUoTHaEj6isYoIsLLZxdM4YlSQjhIuHqxhDP1e0eOIlEsqSojJEfit1eIf3n9TA4cL6dxmkkS4/mgQcagTGARBwwpJ1iyiSIIc 6p2hXiEOMJShVZWIXxdCv8nHduwqoZ9Vas0zxdxlMAROAanwAJnoAkuQQu0AQZ34AE8gWftXnvUXrTXeemStug5AD+gvX0ClWyXoQ==</latexit>
Phase
consistency
analysis
<latexit sha1_base64="nsruN4Hlapq+OPL+fyvbbH5pEro=">AAACJXicbVDLSgMxFM3UVx1fVZdugkVwVWbqQhcui m5cVrAP6Awlk7ltQzOZIckIw9CfceOvuHFhEcGVv2KmraCtBwIn596Tm3uChDOlHefTKq2tb2xulbftnd29/YPK4VFbxamk0KIxj2U3IAo4E9DSTHPoJhJIFHDoBOPbot55BKlYLB50loAfkaFgA0aJNlK/cu0FMGQipyA0yIndHJnHsOfZNBbKjA dBs+JKBOGZEWwPRPjT3a9UnZozA14l7oJU0QLNfmXqhTFNI2OnnCjVc51E+zmRmlEOE9tLFSSEjskQeoYKEoHy89mWE3xmlBAPYmmO0Him/nbkJFIqiwLTGRE9Usu1Qvyv1kv14MrPmUjSYt35oEHKsY5xERkOmQSqeWYIoZKZv2I6IpJQk4GyTQ ju8sqrpF2vuRe1+n292rhZxFFGJ+gUnSMXXaIGukNN1EIUPaEX9Iam1rP1ar1bH/PWkrXwHKM/sL6+AVs3pco=</latexit>
 (j)|(j,l)
<latexit sha1_base64="AvJGbrqQxoL/27wqKON86N6dolU=">AAACCHicdVDLSgMxFM3UV62vqksXBovQggwz0xbbXdGNywr2AZ2xZNK0TZt5 kGSEMs7Sjb/ixoUibv0Ed/6N6UNQ0QMhh3Pu5d573JBRIQ3jQ0stLa+srqXXMxubW9s72d29pggijkkDByzgbRcJwqhPGpJKRtohJ8hzGWm54/Op37ohXNDAv5KTkDgeGvi0TzGSSupmD2PbDVhPTDz1xXZ9SJPkOs6PCrf50QkrJN1sztBLRsUqVqGhm2bRtCqKVMtVo1yGpm7MkAML1LvZd7sX4M gjvsQMCdExjVA6MeKSYkaSjB0JEiI8RgPSUdRHHhFOPDskgcdK6cF+wNXzJZyp3zti5InpqqrSQ3IofntT8S+vE8l+xYmpH0aS+Hg+qB8xKAM4TQX2KCdYsokiCHOqdoV4iDjCUmWXUSF8XQr/J01LN4u6dVnK1c4WcaTBATgCeWCCU1ADF6AOGgCDO/AAnsCzdq89ai/a67w0pS169sEPaG+fK6Sa EA==</latexit>  (l)|(j,l)
<latexit sha1_base64="ixp83sDMZjZJsuI7CoeBlFWp1s0=">AAACCXicdVDLSgMxFM3UV62vqks3wSK0IMNMp7adXdGNywr2AZ1aMm naxmYeJBmhjLN146+4caGIW//AnX9j+hBU9EDI4Zx7ufceN2RUSMP40FJLyyura+n1zMbm1vZOdnevKYKIY9LAAQt420WCMOqThqSSkXbICfJcRlru+Gzqt24IFzTwL+UkJF0PDX06oBhJJfWyMHbcgPXFxFNf7NRHNEmu4jwr3Oavj1khgb1sztDtslWuVKChW6ZplyxFzNJJ1bah qRsz5MAC9V723ekHOPKILzFDQnRMI5TdGHFJMSNJxokECREeoyHpKOojj4huPLskgUdK6cNBwNXzJZyp3zti5InprqrSQ3IkfntT8S+vE8lBtRtTP4wk8fF80CBiUAZwGgvsU06wZBNFEOZU7QrxCHGEpQovo0L4uhT+T5pF3bT04kUpVztdxJEGB+AQ5IEJKqAGzkEdNAAGd+ABPI Fn7V571F6013lpSlv07IMf0N4+Aa2OmlA=</latexit>
Figure 2: Overview of the modal phase-alignment approach for flow over a cylinder at Re = 100:
(a) Flowfield snapshots collected over multiple fields-of-view with an overlapping region, (b)
DMD modes and spectrum from DMD analysis performed over all the data collected, (c) Phase-
alignment using the spatial modal basis in the overlapping regions, (d) Reconstruction of the
phase-consistent modes.
3.1 Multi-domain DMD
We remark that the simplest choice is to perform DMD independently on the data {X(j),X ′(j)}
from each domain in isolation. However, this approach will lead to a different set of DMD eigen-
valuesΩ(j) and mode amplitudes b(j) in each domain. Even for periodic flows, it is difficult to as-
sociate modes from different domains corresponding to the same frequency, since small amounts
of measurement noise will cause the eigenvalues to differ between windows. Moreover, without
noise, the amplitudes still vary considerably in different windows.
Instead, we compute DMD on data concatenated from the p overlapping spatial domains
X =

X(1)
X(2)
...
X(p)
 , X ′ =

X ′(1)
X ′(2)
...
X ′(p)
 . (17)
Performing DMD on this concatenated dataset results in concatenated DMD modes
Φ =

Φ(1)
Φ(2)
...
Φ(p)
 . (18)
Unlike performing DMD on each domain in isolation, these concatenated modes all share the same
DMD eigenvalues Ω and amplitudes b, so that it is natural to associate modes from each domain
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corresponding to the same frequency. However, modes with oscillatory behavior (i.e., complex
conjugate eigenvalues) will generally not agree on the overlap regions, because they will have a
different phase of oscillation. This motivates the phase-consistency analysis in the next section.
3.2 Phase-consistency analysis
To align the phases of the concatenated DMD modes from multiple domains, we first present a
simple illustrative approach suitable for strictly periodic flows with only two overlapping do-
mains. Building on the illustrative example, we then present a general approach suitable for com-
plex flows with any number of overlapping domains.
3.2.1 Simple illustrative approach
This illustrative approach assumes that the data is strictly periodic and there are only two over-
lapping domains: D(1) and D(2). As the data in these overlapping regions are from different
experimental runs, the modes extracted (Φ(1) and Φ(2)) differ in the phase of oscillation. The goal
is to deduce the relative phase shift Ψ˜ between the modes, so that it is possible to synthesize
phase-consistent DMD modes across the overlapping domains:
Φ˜ =
[
Φ(1)
Φ(2) exp(iΨ)
]
. (19)
Here Φ˜ denotes the matrix of concatenated, phase-consistent DMD modes. Without loss of gener-
ality, we align the phase of the second domain to the first.
We now illustrate a simple approach to extract this relative phase shift Ψ. Once DMD is per-
formed on the concatenated dataset, a flow field snapshot in domain D(j) at a given time can be
reconstructed from Φ(j), Ω, and b, as in Eq. (12).
In the overlap region, we have data collected from two independent experiments that are ini-
tialized at different times and phases. Recall that the DMD eigenvalues Ω and amplitudes b are
the same in both domains, and only the modes differ. Further, if the flow is strictly periodic, then
the modes from each domain will have the same magnitude and will only differ in the phase of
oscillation. If we want to approximate the snapshots from the first experiment in the overlap re-
gion with modes from the second experiment, it is necessary to introduce the phase shift exp(iΨ):
x(1)|(1,2)(t) = Φ(1)|(1,2) exp(Ωt)b (20a)
= Φ˜
(2)|(1,2)
exp(Ωt)b (20b)
= Φ(2)|(1,2) exp(iΨ) exp(Ωt)b. (20c)
Solving for the phase shift exp(iΨ) yields:
exp(iΨ) ≈ (Φ(2)|(1,2))†Φ(1)|(1,2). (21)
Note that the phase-shift operator exp(iΨ) is a unitary operator, and it was shown in Brunton et al.
[16] that DMD modes are invariant to left and right unitary transformations of data.
Once the phase correction is obtained, it is possible to synthesize phase-consistent DMD modes
across the overlapping domains using Eq. (19); the phase-consistent modes may then be synthe-
sized into modes across the entire domain Φ˜
∪
as described in §3.3. Although this approach is
illustrative, it is not simple to perform this regression when there are more than two overlapping
domains, motivating the general approach in the next section.
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3.2.2 General approach
As discussed above, finding the relative phase shift between overlapping regions is key in synthe-
sizing global DMD modes. When we have multiple overlapping domains, we need to compute
the relative phase shift for the modes in each domain to achieve global phase consistency. Instead
of computing the phase shifts for all pairs of domains, as in the previous section, we find the
optimal phase shift for the modes in each domain simultaneously by setting up an optimization
problem that minimizes the residual error among all overlap regions. We achieve this by aligning
the phases of each DMD mode across all domains. The objective is to identify phase shiftsΨ(j) for
each domain D(j) to make the phase of the modes consistent in the overlap regions:
Φ˜ =

Φ(1) exp(iΨ(1))
Φ(2) exp(iΨ(2))
...
Φ(p) exp(iΨ(p))
 . (22)
In particular, we minimize the L2-error of the difference of the phase-consistent modes in the
overlap regions according to the following optimization problem:{
Ψ(j)
}p
j=1
= argmin
{Ψ(j)}p
j=1
∑
j 6=l
∥∥∥Φ(j)|(j,l) exp(iΨ(j))−Φ(l)|(j,l) exp(iΨ(l))∥∥∥2
2
. (23)
Note that in practice, this optimization problem may be solved for each DMD mode separately.
Solving for the optimal phase shifts for each mode separately in all fields-of-view eases the com-
putational load. The optimization is solved using a simple Nelder-Mead simplex algorithm [27].
3.3 Global mode synthesis
To synthesize global DMD modes over the entire domain Φ˜
∪
, we perform a weighted average of
the phase-consistent modal values over the overlapping regions. If the phase-consistency analy-
sis is performed accurately, the modal values in the overlapping domains are quite similar. The
weighted average is obtained by a sliding neighborhood operation [17] such that region closest to
one of the overlapping domain gets weighted more and the region in the center of the overlapping
region gets weighted equally. In the non-overlapping region, the modal values corresponding to
that region is used for global mode synthesis.
3.4 Relationship to unitary transformations
The results in this paper are closely related to theoretical results from Brunton et al. [16], which
describes how unitary transformations on the data affect the resulting DMD. In particular, it was
shown that a right unitary transformation P , for example permuting the columns of X and X ′
to XP and X ′P , would leave the DMD modes and eigenvalues unchanged. However, this de-
scription was incomplete, and neglected to consider how the DMD amplitudes b are affected by
unitary transformations. It is now clear that although right unitary transformations do not change
the DMD modes and eigenvalues, they do modify the mode amplitudes. For example, consider a
transformation P that shifts the periodic data inX andX ′ by k steps:[
x1 · · · xk xk+1 · · · xm
]
P =
[
x1+k · · · xm x1 · · · xm+k
]
.
The results of DMD on the shifted data are
{
Φ,Λ, b˜ =
(
Λk
)
b
}
. The phase shifts from Eq. (22)
establish the unitary transformation that shifts the data in each window so the mode phases align.
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4 Results
We now demonstrate the proposed phase alignment procedure on three example fluid flows of
increasing complexity, shown in Fig. 1. For the first two examples of flow past a cylinder and a
laminar free-shear layer, data are collected in two domains from numerical simulations, where the
ground truth is available for benchmarking. In the third example, PIV fields are collected for an
experimental flow over a cross-flow turbine in six overlapping fields-of-view. Fig. 1(a) shows the
measurement windows used for the examples considered. Without any phase correction, concate-
nated modes are clearly misaligned in the overlapping regions, as shown in Fig. 1(b). After align-
ing the phases appropriately, globally phase-consistent modes are obtained, shown in Fig. 1(c).
For the flows considered in this work, Table 1 summarizes the nature of the flow, availability of
ground truth, sampling time between snapshots (∆t), number of independent domains (p), num-
ber of snapshots considered in each domain (m), and truncation rank (r) for DMD analysis.
Table 1: Parameters used for three example fluid flows.
Case Data Source Nature Ground truth ∆t p m r
Cylinder flow Simulation periodic 3 0.08 2 229 10
Mixing layer Simulation aperiodic 3 0.002 2 600 6
Cross-flow turbine Experiment quasi-periodic 7 0.01 6 1000 14
4.1 Laminar flow past a cylinder
We first demonstrate the approach for a canonical example of two-dimensional incompressible
flow past a circular cylinder at Reynolds number Re = 100, based on the cylinder diameter d.
Data is generated via direct numerical simulations (DNS) using the immersed boundary pro-
jection method [18, 24, 47]. A multi-domain technique is used with an inner domain of x/d ∈
[−1, 29], y/d ∈ [−15, 15] and a resolution of 600×600 grid points; x is the streamwise direction and
y is the cross-stream direction. Numerical details can be found in [32]. The flow exhibits periodic
vortex shedding in the wake with Strouhal number St = 0.164 and period T = 1/St ≈ 6.1.
In this simulated flow, we have access to time-resolved measurements over the entire domain
for a large number of vortex shedding periods. Thus, it is possible to artificially create two overlap-
ping domains that are sampled at different initial times, and then compare the phase-reconstructed
flow fields to the ground truth simulation over the full domain. The full and overlapping domain
extents are summarized in Table 2. For the phase-consistency analysis, vorticity snapshots X(1)
are collected in domain D(1) and snapshots X(2) are collected in D(2). The snapshots in the two
domains are collected at different initial times: In domainD(1), the snapshots are collected at times
t ∈ [0, 3T ], while in domain D(2), the snapshots are collected at times t ∈ [3.3T, 6.3T ].
The overall phase alignment procedure for this example is shown in Fig. 2. The multi-domain
DMD analysis from §3.1 is used to extract Φ(1) and Φ(2). The DMD modes, frequencies, and am-
plitudes, are shown in Fig. 2(b). The first mode pair corresponds to the vortex shedding frequency,
and subsequent modes correspond to higher harmonics. There is a clear discrepancy in the phase
of the modes in the overlap region. The phase shift required to align the modes is shown in
Fig. 2(c), and the globally consistent phase-shifted modes are shown in Fig. 2(d).
Table 2: Dimensions of overlapping domains for flow past a cylinder example.
Full domain x/d y/d Overlap. domains x/d y/d (%) overlap
D(1) [−1, 5] [−2, 2]D [−1, 10] [−2, 2] D(2) [4, 10] [−2, 2] 16.67
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Figure 3: Phase consistency analysis for flow over a cylinder at Re = 100: For (a) data collected in
multiple flow-field measurement windows, comparison of concatenated modes, phase-consistent
modes and ground truth for (b) DMD mode 1 and (c) DMD mode 2 for datasets with no added
noise (left), datasets with SNR = 10 (middle) and datasets with SNR = 1 (right).
4.1.1 Effect of overlap window size and noise
For experimental applications, it is important that this approach is robust to noise and various
overlap sizes, and here we investigate how these affect the phase-consistent DMD analysis. The
amount of overlap is computed as the ratio of the area of the overlap region to the area of the full
domain. Intuitively, small overlap and large noise will be more challenging than large overlap
and small noise. To generate ground-truth results for comparison with our approach, we perform
DMD on snapshots from the full domain D, initialized at the same time as snapshots in D(1).
To test the robustness of the approach to noise, we add Gaussian noise to the vorticity snap-
shots, and explore a range of signal to noise ratios (SNRs). The flow fields and modes are shown
in Fig. 3(a) for cases with no noise, low noise (SNR = 10), and high noise (SNR = 1). The phase-
consistent modes (Φ˜
∪
) are compared with ground-truth modes in Fig. 3(b) and (c), showing good
agreement in all cases. We also compute the corresponding concatenated DMD modes (Φcat),
which are the raw output of the multi-domain DMD analysis from §3.1 before correcting the
phases. The concatenated modes show significant error in the overlapping regions for all cases.
Figure 4 shows how noise and the overlap size affect the phase-shifted modes. The L2 error
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Figure 4: Error in phase-consistency analysis for cylinder flow data with no noise, SNR = 10 and
SNR = 1 : (a) Error in concatenated DMD modes, (b) Error in phase-consistent DMD modes.
0 50 100
(%) overlap
10-5
100
0 50 100
(%) overlap
10-5
100
0 50 100
(%) overlap
10-5
100
0 50 100
(%) overlap
10-5
100
0 50 100
(%) overlap
10-5
100
0 50 100
(%) overlap
10-5
100
Mode 1
Mode 2
Mode 3
Mode 1
Mode 2
Mode 3
Mode 1
Mode 2
Mode 3
|bt
ru
e
k
 
b k
|/b
tr
u
e
k
<latexit sha1_base64="xIhRK5BaI3tI8MaQSM7NT0OWJnM=">AAACEnicbVDJSgNBEO2JW4xb1KOXxiDowTgTBT0GvXiMYBZI4tDTqSRNeha6a8QwyTd48Ve8eFDEqydv/o2d5aCJDwoe71VRVc+LpNBo299WamFxaXklvZpZW9/Y3Mpu71R0GCsOZR7KUNU8pkGKAMooUEItUsB8T0LV612N/Oo9KC3C4Bb7ETR91glEW3CGRnKzRwPP7d01EB4wQRXDkB7TxBu6vcHJjOFmc3beHoPOE2dKcmSKkpv9arRCHvsQIJdM67pjR9hMmELBJQwzjVhDxHiPdaBuaMB80M1k/NKQHhilRduhMhUgHau/JxLma933PdPpM+zqWW8k/ufVY2xfNBMRRDFCwCeL2rGkGNJRPrQlFHCUfUMYV8LcSnmXKcbRpJgxITizL8+TSiHvnOYLN2e54uU0jjTZI/vkkDjknBTJNSmRMuHkkTyTV/JmPVkv1rv1MWlNWdOZXfIH1ucPvRKexw==</latexit>
|!
k
 
!˜
k
|/!
k
SNR = 10
<latexit sha1_base64="QCtOR3klNqVqBdoDoHE5uGMCPrc=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd140IsQ9O JJ4iMPSEKYnfQmQ2Zn15lZISz5CS8eFPHq73jzb5wke9DEgoaiqpvuLj8WXBvX/XaWlldW19ZzG/nNre2d3cLefl1HiWJYY5GIVNOnGgWXWDPcCGzGCmnoC2z4w6uJ33hCpXkkH8woxk5I+5IHnFFjpeb9zR25IJ7bLRTdkjsFWSReRoqQodotfLV7EU tClIYJqnXLc2PTSakynAkc59uJxpiyIe1jy1JJQ9SddHrvmBxbpUeCSNmShkzV3xMpDbUehb7tDKkZ6HlvIv7ntRITnHdSLuPEoGSzRUEiiInI5HnS4wqZESNLKFPc3krYgCrKjI0ob0Pw5l9eJPVyyTstlW/LxcplFkcODuEITsCDM6jANVShBgwEP MMrvDmPzovz7nzMWpecbOYA/sD5/AH7uY6d</latexit>
SNR = 1
<latexit sha1_base64="uUM3EyB1J/rAgkAHW2zEscTe45Q=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKezGg16EoB dPEh95QLKE2UknGTI7u8zMCmHJR3jxoIhXv8ebf+Mk2YMmFjQUVd10dwWx4Nq47reTW1ldW9/Ibxa2tnd294r7Bw0dJYphnUUiUq2AahRcYt1wI7AVK6RhILAZjK6nfvMJleaRfDTjGP2QDiTvc0aNlZoPt/fkknjdYsktuzOQZeJlpAQZat3iV6cXsS REaZigWrc9NzZ+SpXhTOCk0Ek0xpSN6ADblkoaovbT2bkTcmKVHulHypY0ZKb+nkhpqPU4DGxnSM1QL3pT8T+vnZj+hZ9yGScGJZsv6ieCmIhMfyc9rpAZMbaEMsXtrYQNqaLM2IQKNgRv8eVl0qiUvbNy5a5Sql5lceThCI7hFDw4hyrcQA3qwGAEz /AKb07svDjvzse8NedkM4fwB87nD4xojmM=</latexit>No noise
<latexit sha1_base64="tF/FTwBqejeMiNEcHO3iOKKi sME=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5ioWXQxkoimA9IjrC3mSRL9nbP3T0hhPwJGwtFbP07dv4bN8kV mvhg4PHeDDPzokRwY33/28utrW9sbuW3Czu7e/sHxcOjhlGpZlhnSijdiqhBwSXWLbcCW4lGGkcCm9HoZuY3n1Abru SDHScYxnQgeZ8zap3UulNEKm6wWyz5ZX8OskqCjJQgQ61b/Or0FEtjlJYJakw78BMbTqi2nAmcFjqpwYSyER1g21FJY zThZH7vlJw5pUf6SruSlszV3xMTGhszjiPXGVM7NMveTPzPa6e2fxVOuExSi5ItFvVTQawis+dJj2tkVowdoUxzdyt hQ6opsy6iggshWH55lTQq5eCiXLmvlKrXWRx5OIFTOIcALqEKt1CDOjAQ8Ayv8OY9ei/eu/exaM152cwx/IH3+QPBy o/H</latexit>
(a) Error in modal frequencies
<latexit sha1_base64="A/+ JyRRaqLksa96ed2hin2NNors=">AAACB3icbVC7SgNBFJ31Ge Nr1VKQwSDEJuzGQsugCJYRzAOSEGZn7yZDZmfWmVkhLOls/BU bC0Vs/QU7/8bJo9DEUx3OuZd7zwkSzrTxvG9naXlldW09t5Hf 3Nre2XX39utapopCjUouVTMgGjgTUDPMcGgmCkgccGgEg6ux33 gApZkUd2aYQCcmPcEiRomxUtc9KpJTfK2UVJgJHMuQcBwpuE9 BUAa66xa8kjcBXiT+jBTQDNWu+9UOJU1jEIZyonXL9xLTyYgy jHIY5duphoTQAelBy1JBYtCdbJJjhE+sEuLI/hJJYfBE/b2Rk VjrYRzYyZiYvp73xuJ/Xis10UUnYyJJjc01PRSlHBuJx6XgkC mghg8tIVQx+yumfaIINba6vC3Bn4+8SOrlkn9WKt+WC5XLWR0 5dIiOURH56BxV0A2qohqi6BE9o1f05jw5L8678zEdXXJmOwfo D5zPH61PmJM=</latexit>
(b) Error in modal amplitudes
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Figure 5: Error in multi-domain DMD analysis for cylinder flow data with no noise, SNR = 10
and SNR = 1: (a) Error in modal frequencies and (b) Error in modal amplitudes vs. overlap size.
between the concatenated modes (Φcat) and ground truth modes (Φ∪) is shown in Fig. 4(a). Re-
gardless of the amount of noise, there is substantial error. The error decreases slightly as the over-
lap region increases, although it is still significant. The error between the phase-consistent DMD
modes (Φ˜
∪
) and ground truth modes (Φ∪) is shown in Fig. 4(b). The error in the phase-consistent
modes is significantly lower than in the concatenated modes. The phase-consistent modes are
quite robust to noise, only showing a slight increase in error with increasing noise. Similarly, the
phase-consistent modes are extremely robust to variations in the overlap window size. We note
that for all cases, with and without noise and for varying overlap size, the modal amplitudes and
frequencies are comparable to the ground truth with relatively small error, as shown in Fig 5.
Finally, it is possible to reconstruct the phase-consistent flow field on the entire domain D
from the phase-consistent DMD modes using Eq. (12). The flow field reconstruction from the
concatenated modes, phase-consistent modes, and the ground truth flow field are shown in Fig. 6.
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Figure 6: Comparison between reconstructed flow fields from (a) concatenated modes, (b) phase-
consistent DMD modes with ground truth flow field.
4.2 Mixing layer
Next, we demonstrate the phase-consistent DMD analysis with data from a two-dimensional, spa-
tially developing, free shear layer flow. The shear layer is characterized by two initial inflow
streams separated by a splitter plate, so that after the splitter plate ends the two flows interact
with one another. The top stream has Mach number M1 = U1/a∞ = 0.4 and the bottom stream
has M2 = U2/a∞ = 0.1. A free shear layer develops at the trailing edge of the plate, with mean
velocity U¯ = (U1 + U2)/2. The momentum thickness θ0 of the boundary layers of both streams
is fixed at 10% of the splitter plate thickness w, i.e., θ0/w = 0.1. The momentum-based Reynolds
number is Reθ0 = ρ∞U¯θ0/ν∞ = 250, where ρ∞ and ν∞ are the free stream density and dynamic
viscosity, respectively. The flow is obtained via direct numerical simulation using the compressible
CharLES flow solver [10]. The solver uses a second-order finite volume scheme and a third-order
Runge-Kutta method for time integration. The domain is fixed so that −15 ≤ x/w ≤ 400 and
−200 ≤ y/w ≤ 200, where x and y are the stream-wise and cross-stream directions, respectively.
Additional simulation and validation details can be found in [53].
We define a fundamental shear-layer roll-up wavelength, λn = U¯/fn, where fn is the roll-
up frequency. The dimensions of the computational domain are normalized by this wavelength.
An instantaneous flow field is shown in Fig. 7(a). The flow physics consist of four stages: (i)
linear growth, corresponding to initial vortex roll-up due to Kelvin-Helmholtz instability, (ii)
isolated vortex street consisting of compact vortices, (iii) nonlinear vortex pairing, and (iv) vor-
tices deviating from the centerline. The spectral analysis of probes placed at streamwise stations
x/λn = 2.25, 3.75, and 5.25 along the centerline (y/λn = 0) is shown in Fig. 7(b). There is a strong
peak corresponding to the roll-up frequency Stθ = fnθ0/U¯ = 0.0203 from x/λn = 1 to 3. As the
probe moves downstream, this frequency becomes weaker and subharmonic frequencies emerge.
In general, the spectrum becomes increasingly broadband as the probe moves downstream.
We test the phase-consistent DMD analysis in three sub-regions of the full flow field corre-
sponding to different regimes of shear-layer flow physics; in each regime, we split the sub-region
into two overlapping windows collected at different times to simulate two independent experi-
ments. The full and overlapping domains for the three regimes are summarized in Table 3. The
DMD modal amplitudes and frequencies are shown in Fig. 7(c). The first regime is closest to the
splitter plate and contains regions of linear growth and isolated vortex street; in this regime, the
physics is predominantly linear, and DMD should be applicable. The second regime is further
downstream and contains nonlinear vortex pairing; the spectrum is broadband in this region, al-
though there are still dominant peaks. The third regime is the furthest downstream and contains
the vortex breakdown; the flow is not periodic or quasi-periodic in this region, and DMD is not
applicable, so it expected that the phase-consistency analysis will fail. As in the cylinder flow ex-
ample, data is available over the entire domain, so it is possible to compare our results with DMD
performed in the full domain for each regime.
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Table 3: Mixing layer analysis setup.
Full domain x/λn y/λn Overlap. domains x/λn y/λn (%) overlap
D(1) [0.5, 2.5] [−0.75, 0.75]D(I) [0.5, 4] [−0.75, 0.75] D(2) [2, 4] [−0.75, 0.75] 14.3
D(1) [2, 4] [−0.75, 0.75]D(II) [2, 5.5] [−0.75, 0.75] D(2) [3.5, 5.5] [−0.75, 0.75] 14.3
D(1) [3.5, 5.5] [−0.75, 0.75]D(III) [3.5, 7] [−0.75, 0.75] D(2) [5, 7] [−0.75, 0.75] 14.3
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Figure 7: Mixing layer flow at Reθ = 250: (a) Instantaneous vorticity field, (b) Spectral analysis of
centerline vertical velocity at three streamwise stations, (c) DMD spectrum.
The phase-consistent DMD modes are shown for each regime in Fig. 8. We have added white
noise with SNR = 1 to the flow field snapshots. In regime I, the phase-consistent modes show close
agreement with the ground truth modes, while the phase of the concatenated modes do not agree.
In regime II, there is a clear improvement in the phase-consistent modes over the concatenated
modes. For this spatially developing flow, we see two characteristic spatially-dependent features
in regime II: (i) the effect of the dominant mode behavior decaying and (ii) the inception of the
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(a) Flow Field Measurement windows
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Figure 8: Phase-consistency analysis of mixing layer flow with SNR = 1 at Reθ = 250: (a)
Flow field snapshots collected over two overlapping fields-of-view. Comparison of concatenated
modes, phase-consistent modes and ground truth for (b) DMD mode 1 and (c) DMD mode 2.
sub-harmonic mode 2. In regime III, the dominant phase-consistent mode shows better agreement
with ground truth, although the second mode doesn’t show improvement over the concatenated
mode. The breakdown in the DMD modes in regime III is not attributed to the phase-consistency
analysis but to the multi-domain DMD analysis, as DMD is not expected to perform well in such
broadband, aperiodic flows.
The error of concatenated DMD modes (Φcat) and phase-consistent modes (Φ˜
∪
), compared
with the ground truth modes (Φ∪), is shown for each regime in Fig. 9 for varying overlap size.
The dots indicate the performance with no noise, and the error bars indicate the variability due to
the addition of noise with SNR = 1 over 5 realizations. The effect of noise appears to be minimal,
as the variability is quite low in this example. The concatenated modes have significantly larger
error than the phase-consistent modes in all cases. As the measurement window moves down-
stream from regime I to regime III, the error of the phase-consistent modes increases, which is to
be expected as the periodic flow assumptions underlying DMD begin to break down. We also
evaluate the error in the modal frequencies and amplitudes from the multi-domain DMD analysis
from §3.1 in Fig. 10. Overall, the error increases as the measurement window moves downstream,
and the error is quite low for the upstream windows.
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(b) Phase-consistent DMD modes
<latexit sha1_base64="L4uS NAmnWeeemtyb/Qq5Qz1YZpY=">AAACCHicbVC7TsMwFHXKq4RXg JEBiwqpDFRJGWCsoAMLUpHoQ2qjynGc1qodR7aDVEUdWfgVFgYQ YuUT2Pgb3DYDFK50paNzn+cECaNKu+6XVVhaXlldK67bG5tb2z vO7l5LiVRi0sSCCdkJkCKMxqSpqWakk0iCeMBIOxhdTevteyIVF fGdHifE52gQ04hipA3Vdw7LwQlsDM2GUyxiZQ6SWEO7flOHXIRE 9Z2SW3FnAf8CLwclkEej73z2QoFTbtZghpTqem6i/QxJTTEjE7u XKpIgPEID0jUwRpwoP5sJmcBjw4QwEtKkeWPG/pzIEFdqzAPTyZ EeqsXalPyv1k11dOFnNE5Sow/PD0Upg1rAqSswpJJgzcYGICyp+ RXiIZIIa+OdbUzwFiX/Ba1qxTurVG+rpdplbkcRHIAjUAYeOAc 1cA0aoAkweABP4AW8Wo/Ws/Vmvc9bC1Y+sw9+hfXxDW8EmFU=</ latexit>
Figure 9: Error in DMD modes for mixing layer flow with no noise and SNR = 1 (error bars) over
three characteristic flow regimes. (a) Error in concatenated DMD modes and (b) Error in phase-
consistent DMD modes using approach B with overlap window size.
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(a) Error in modal frequencies
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(b) Error in modal amplitudes
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Figure 10: Error in multi-domain DMD analysis for mixing layer flow with no noise and SNR = 1
(error bars) over three characteristic flow regimes: (a) Error in modal frequencies and (b) Error in
modal amplitudes with overlap window size.
4.3 Cross-flow turbine wake
The final demonstration of the phase-aligned DMD approach is for PIV data from six fields-of-
view in the wake of a cross-flow turbine, shown in Fig. 11(a). Here, we do not have ground
truth data over the full domain to compare the results against, as in the previous two examples.
Measurements in each of the six fields-of-view are taken independently using time-resolved stereo
planar PIV; the dimensions of the field-of-view domains is summarized in Table 4. The turbine
consists of two straight NACA0018 profile blades with chord length c = 0.061 m and c/R = 0.71,
whereR is the rotor radius. The turbine is operated under constant angular velocity at a tip-speed
ratio of λ = ΓR/U∞ = 1.2, where Γ is the rotational velocity and U∞ = 0.7 m/s is the freestream
velocity. The rotor diameter-based Reynolds number is ReD = DU∞/ν = 1.1× 105.
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Table 4: Cross-flow turbine analysis setup
Overlap. domains x/D y/D (%) overlap
D(1) [0.58, 1.68] [−0.09, 1.5]
D(2) [1.58, 2.68] [−0.09, 1.5]
D(3) [2.58, 3.68] [−0.09, 1.5]
D(4) [0.58, 1.68] [−1.47, 0.12] 16
D(5) [1.58, 2.68] [−1.47, 0.12]
D(6) [2.58, 3.68] [−1.47, 0.12]
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Figure 11: Phase alignment of cross-flow turbine wake modes. (a) Experimental setup and fields
of view, (b) Probe spectra, (c) DMD spectrum, and (d) comparison of concatenated and phase-
consistent DMD modes.
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Data was collected at 100 Hz and was not locked to a specific blade position, making it difficult
to align the data from the six fields-of-view. Measurements were taken at the mid-span of the
turbine, in the plane normal to the axis of rotation. Illumination was provided by a Continuum
TerraPIV Nd:YLF laser, and images were captured by two Phantom V641 cameras, with 2560 ×
1600 pixel resolution. Cavitation bubbles from the flume recirculation pump were used as passive
tracers and the velocity fields were calculated using iterative multi-grid processing. Measurement
resolution was increased by capturing the wake using six overlapping fields-of-view, summarized
in Table 4. The combined measurement area starts 0.57D downstream from the turbine axis, and
extends 3.68D downstream and 3D in the cross-stream direction [45]. In the previous examples,
only pairwise domains were considered for phase-consistency analysis; however, in this example,
there are six overlapping domains, requiring the general phase-correction procedure in §3.2.2.
The vertical velocity probe spectra extracted at the center of the interrogation domains as well
as the multi-domain DMD amplitudes and frequencies are shown in Fig. 11(b) and (c), respec-
tively. The first seven modes extracted by the multi-domain DMD algorithm contain the blade
pass frequency and its first harmonic, followed by five lower-frequency modes, one of which
appears to be a first sub-harmonic. The dominant three frequencies extracted are colored in
Fig. 11(c). We perform our phase-consistency analysis on the DMD modes corresponding to these
frequencies, illustrated in Fig. 11(d). The comparison between the concatenated modes (Φcat) and
phase-consistent modes (Φ˜
∪
) highlight the significance of the phase-alignment analysis proposed
in this paper. The phase-consistent modes exhibit continuity in the modal structures, and shed-
ding physics is consistent across the multiple overlapping windows. Due to this analysis, we can
now gather additional insights into the underlying flow physics. For example, the vortex shed-
ding in the dominant mode corresponding to the blade pass frequency and its first harmonic both
decay in the downstream direction, while large structures in the third mode, corresponding to
the sub-harmonic frequency, increase in amplitude in the downstream direction. This behavior
suggests the transition from the near-wake shear layer structure to a bluff-body vortex shedding
in the far wake, as observed by Araya et al [2].
5 Conclusions
In this work, we have demonstrated a strategy to align the phases of DMD modes collected from
multiple time series data in overlapping fields-of-view initialized at different starting times. This
approach is ultimately motivated by experimental data collection, such as PIV measurements,
where there is often a compromise between the spatial resolution and the size of measurement
region. Thus, a large field-of-view with high resolution may require the composite of a number of
datasets collected independently in overlapping small field-of-view windows. By enabling global
flow reconstruction from data collected in multiple overlapping small field-of-view windows from
different experimental runs, we can increase the size and resolution of flow field measurements
while retaining the critical time evolution of the fluid dynamics.
First, we show that simply concatenating the modes obtained by performing DMD in individ-
ual fields-of-view fails to yield globally phase-consistent modal structures. Next, we introduce
a new technique to obtain phase-consistent DMD modes over multiple domains. This approach
involves two steps. First, DMD is computed on a large concatenated data set containing all of
the overlapping domains simultaneously. Second, an optimization procedure is used to align the
phases of the resulting DMD modes from the multiple windows by minimizing mismatch in the
overlap regions. For two overlapping spatial domains, we show that this phase optimization may
be achieved by a simple regression procedure. For the case of multiple overlapping domains, we
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connect the more general optimization procedure to the invariance of DMD to unitary transfor-
mations, extending previous results [16]. The phase-consistency analysis is robust to noise and for
varying sizes of the overlapping region. We also show that it is possible to obtain time-resolved
composite flow fields over the entire global domain by reconstruction with the phase-consistent
DMD modes.
We have demonstrated this approach on several example systems from simulated and exper-
imental fluid flows. In the numerical examples, we split the data into two overlapping domains
and benchmark against ground-truth modes, providing a testbed to investigate the robustness of
the method to noise and overlap. The first numerical example is the canonical flow past a circular
cylinder, which is a strictly periodic flow. The second numerical example is the spatially devel-
oping mixing layer, which exhibits a spectrum that evolves and broadens as the measurement
window moves downstream. Finally, the third example consists of experimental velocity fields
obtained from PIV in six overlapping domains in the wake of a cross-flow turbine. In all exam-
ples, the phase-consistent DMD analysis yields accurate and consistent global modes and enables
phase-aligned, composite reconstructions of the time-resolved flow field over the entire domain.
There are a number of interesting avenues of future work that are suggested by this analysis.
It will be important to continue to develop guidelines for when this phase-consistency approach
will succeed or fail. Fundamentally, this involves a deeper understanding of when the standard
DMD approach is expected to yield a sensible modal decomposition, for example how to interpret
DMD for spatially evolving, non-stationary, and broadband flows.
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